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Abstract
We critically examine the K¯N coupled-channel approach presented in [1] and
demonstrate that it violates constraints imposed by chiral symmetry of QCD.
The origin of this violation can be traced back to the off-shell treatment of
the chiral-effective vertices, in combination with the use of non-relativistic ap-
proximations and the chosen regularization scheme. We propose an improved
version of the approach, which is directly given by a resummation of relativistic
Feynman graphs of baryon chiral perturbation theory, and is in accord with the
chiral symmetry constraint. Within this improved model, two poles are gener-
ated dynamically in the isoscalar piΣ− K¯N coupled channels sector, in contrast
with the non-relativistic model of [1] in which only one such pole was reported.
Keywords: chiral dynamics, meson-nucleon interaction, Λ(1405)
1. Introduction
The state-of-the-art description of the strangeness S = −1 meson-baryon
scattering amplitude at low energies is provided by chirally-motivated coupled-
channel calculations [2, 3, 4, 5, 6, 7, 8] based on solving an integral equation
for the scattering amplitude T with a kernel V derived from baryon chiral per-
turbation theory (BChPT) [9, 10, 11]. The standard low-energy expansion of
T is not effective here due to the presence of the Λ(1405) resonance just below
the antikaon-nucleon threshold [2, 12]. A distinctive result of such approaches
is the two-pole structure of the dynamically generated Λ(1405) [13, 14, 15]. The
use of non-perturbative extensions of the standard BChPT framework leads to
a notable model-dependence in energy regions where the amplitude is not di-
rectly constrained by the existing experimental data, see e.g. [16]. In view of
the importance of the antikaon-nucleon scattering amplitude for applications in
few- and many-body calculations [17, 18, 19], it is of great interest to assess
the model-dependence of the coupled-channel amplitudes in the subthreshold
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region, and to find further theoretical and experimental constraints to reduce
the ambiguities.
In a recent publication [1] (see also [20]), J. Re´vai criticized a procedure com-
monly used to simplify the solution of the above-mentioned integral equations,
namely, the so-called on-shell factorisation which reduces the integral equation
to an algebraic equation that can be solved immediately. Solving a Lippmann-
Schwinger equation (LSE) without applying this approximation, the author of
[1] obtained a kernel without energy dependence (an advantageous feature for
few-body calculations), and found that the solution “. . . supports only one pole
in the region of the Λ(1405) resonance. Thus the almost overall accepted view,
that chiral-based interactions lead to a two-pole structure of the Λ(1405), be-
comes questionable” [1]. In the following text we often refer to the work [1] as
the JR approach.
In this contribution, we critically examine the model of [1] and the quoted
conclusions concerning the Λ(1405) structure. We will show that the model
strongly violates certain general theoretical constraints derived from chiral sym-
metry, and thus spoils the motivation to employ a chiral-symmetric kernel from
the outset. To make our criticism constructive, we devise a relativistic gener-
alization of the model, henceforth referred to as the BC model, which can also
be solved analytically without employing on-shell truncation. Although the re-
sulting model is still not fully satisfactory in some aspects, we show that the
pertinent generalized amplitude has an improved chiral behavior, and it brings
back a second pole in the isoscalar piΣ− K¯N threshold region.
The outline of the paper is as follows. In the next section, we briefly re-
view the JR approach presented in [1] and rewrite it in an equivalent and more
transparent form that utilizes an effective potential with tadpole integrals ac-
counting exactly for off-shell contributions to the meson-baryon loop function.
The approach is improved in Section 3 by adhering to relativistic treatment of
the effective potential and constraints arising from chiral symmetry. In Section
4 we provide fits of the model parameters to experimental data and compare
the original JR model predictions with those made by the new model. The last
section is reserved for concluding remarks.
2. Discussion of the JR approach
Let us focus on the s-wave amplitude for antikaon-nucleon scattering. We
shall mostly employ the notation of [1], but leave out the channel indices, an-
ticipating that the building blocks forming the coupled-channel scattering am-
plitude should thus be considered as matrices in the space of meson-baryon
channels whenever appropriate. In particular, the on-shell scattering ampli-
tude Ton introduced here is related to the commonly used relativistic s-wave
amplitude f0+(
√
s) [21] by
f0+(
√
s) → −4pi2√µ Ton(k)√µ (1)
in the non-relativistic limit. Here
√
s denotes the total center-of-mass (c.m.)
energy of the meson-baryon system, µ is a diagonal channel matrix contain-
2
ing the reduced masses µj of that system, and k =
√
2µ(
√
s−m−M), where
m stands for the (diagonal channel-matrix of) meson masses and M for the
(diagonal channel-matrix of) baryon masses. We note that momentum k de-
fined this way represents a non-relativistic approximation to the modulus of the
c.m. three-momentum q¯ given as
q¯ =
√
(s− (M +m)2)(s− (M −m)2)/(2√s) . (2)
From coupled-channel unitarity in the space of meson-baryon channels, we
should always be able to write our unitarized amplitudes (with external particles
on-shell) in the generic form
f0+(
√
s) = − [K−1rel + iq¯]−1 , or
4pi2
√
µ Ton(k)
√
µ =
[
K−1 + ik
]−1
, (3)
where the channel matrices Krel, K are real in the physical region, and specify
the chosen model parameterization. In [1], a Lippmann-Schwinger equation
(LSE) in the form
T (p′,p;
√
s) = V (p′,p;
√
s) +
∫
d3q V (p′, q;
√
s)
2µ
k2 − q2 + iT (q,p;
√
s) (4)
is solved for T with a given kernel V . The on-shell s-wave scattering amplitude
is then obtained by setting the in- and outgoing meson momenta p, p′ on their
mass shells, Ton(k) = T (p
′,p;
√
s)
∣∣
p′,p→k. The debated on-shell factorisation
corresponds to replacing the loop momentum q in the argument of T and V by
its on-shell value k, and subsequently pulling T and V out of the integral to
arrive at an algebraic (matrix) equation. This procedure is not applied in [1],
and so the solution there is somewhat more elaborate.
Following the notation used in [1], we write the loop integrals occuring in
the treatment of the LSE as
GAA = 8piµ
∫ ∞
0
dq
q2(u(q))2
k2 − q2 + i
= −4pi2µ
[
β
16
(
5−15 (k/β)2−5 (k/β)4−(k/β)6
)
+ ik
]
(u(k))2 , (5)
GAB = GBA = 8piµ
∫ ∞
0
dq
q2(u(q))2γ(q)
k2 − q2 + i = γ¯GAA − I0 , (6)
GBB = 8piµ
∫ ∞
0
dq
q2(u(q))2(γ(q))2
k2 − q2 + i = γ¯
2GAA − 2γ¯I0 − I1 , (7)
where we introduced
In :=
4pi
(2µ)n
∫ ∞
0
dq q2(u(q))2(q2 − k2)n , (8)
for n = 0, 1, and
γ(q) :=
q2
2µ
+m, γ¯ := γ(k) , u(q) :=
β4
(β2 + q2)2
, (9)
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with β standing for a cutoff parameter (often referred to as inverse range).
Then, one can re-write the second equation in (3) as
Ton(k) = u(k)
[
W˜−1JR −GAA
]−1
u(k) , (10)
where W˜JR is again a real coupled-channel matrix depending only on k
2, and has
no branch cuts. Therefore, it cannot contain the unitarity loop function GAA.
Indeed, we find that the on-shell s-wave amplitude derived in the JR approach
can be brought into the form prescribed by Eq. (10), when the effective potential
reads
W˜JR = [1 + λI0]
−1
(γ¯λ+ λγ¯ − λI1λ) [1+ I0λ]−1 . (11)
Here 1 denotes the unit matrix in channel space, and the coupling matrix λ was
specified in Sec. 2 of [1]. With the amplitude given by Eqs. (10), (11) and the
appropriate parameter set, we reproduce exactly the resonance pole positions
published in [1]. This way of rewriting the JR solution makes the relation to the
on-shell factorised approach completely transparent: the latter is obtained by
just dropping the terms containing the (diagonal channel matrices of) tadpole
integrals In, a result that can be compared with Eq. (18) in [1]. We also note
the explicit results
I0 =
pi2β3
8
, I1 =
pi2β3
16µ
(β2 − k2) , (12)
obtained for the adopted form of u(q), Eq. (9). Other off-shell extrapolations
of the elementary vertices, or different regularisation schemes, would lead to
different expressions for the functions In appearing in the effective potential.
We note that the amplitude constructed above gives scattering lengths which
do not vanish in the three-flavor chiral limit, as would be required by general
arguments following from chiral symmetry and the (pseudo-)Goldstone-boson
nature of the lowest meson octet. That is, even though a chiral-symmetric kernel
is employed, the non-perturbative resummation framework spoils this attractive
feature of the effective theory, inherited from QCD. To illustrate this, let us treat
the one-channel case and calculate the corresponding scattering length derived
from Eqs. (10), (11). At threshold, where k = 0 and γ¯ = m, we obtain
aJR0+ = −4pi2µ
[
(1 + λI0)
2
2λm− λI1λ + 4pi
2µ
5β
16
]−1
. (13)
For the on-shell factorised solution with I0, I1 → 0, one gets a prediction in line
with the lowest-order ChPT1. However, if I0,1 6= 0, Eq. (13) provides aJR0+ =
1For the multichannel case, we can compare the s-wave scattering lengths following from
the threshold limit of the amplitude Ton given by Eq. (10) to the known results found in
ChPT at the leading order, i.e. neglecting the O(m2) contributions, see e.g. [12, 22, 23]:
aK¯N,I=00+,LO =
MN
4pi(MN +mK)
3mK
2F 2K
, aK¯N,I=10+,LO =
MN
4pi(MN +mK)
mK
2F 2K
.
4
4pi2mI1/(I0)
2 + O(m2). Treating I1 as a quantity of order µ−1 ∼ m−1, as
suggested by Eq. (12), we get an expression of order O(m0), forbidden by ChPT.
We presume here that the cutoff parameter β stays fixed, or at least it does not
vanish in the chiral limit. Therefore, the additional terms ∼ In which occur
when the on-shell truncation is not performed lead to a severe violation of
chiral symmetry constraints. From this observation, and similar ones for the
multichannel case, we conclude that the effective potential given in Eq. (11)
is not soft enough in the threshold region to be in accord with fundamental
strictures dictated by chiral symmetry. One could argue that the chiral limit is
a rather academic notion, not relevant for the physical amplitudes in question.
However, as we already stated in the Introduction, theoretical constraints are
badly needed in the present situation to reduce the model dependence. If one can
construct an improved model, which is more reconcilable with chiral symmetry
and does not introduce additional shortcomings, there is no reason to stick to
the old model. In the following section, we attempt to devise an improved model
with the same cutoff function u(q) as used in [1], but with a softened effective
interaction kernel of O(m) at threshold. As we will see, obeying this chiral
SU(3) constraint is quite relevant for the pole content of the amplitude.
3. The hybrid BC approach
In an attempt to rectify some shortcomings of the JR approach we modify
it by adhering to relativistic hadron kinematics while keeping the loop-integral
regularization and not resorting to the on-shell factorisation. From the chiral
Lagrangian at the leading order, one derives a vertex factor −ig(/qi + /qj) for the
meson-baryon scattering processB(pa)M(qi)→ B(pb)M(qj), where the pa,b, qi,j
are off-shell four-momenta, and g is a channel matrix of coupling constants that
are related to the λ coefficients introduced in [1]. We multiply the vertex factor
with the cutoff functions u defined in Eq. (9) to obtain the new vertex factor
u(|qj |)
(
−ig(/qi + /qj)
)
u(|qi|) .
The modification is not manifestly Lorentz-invariant, so from now on we shall
work in the center-of-mass frame, where p := pa + qi = pb + qj = (
√
s, 0). The
summation of s-channel loop graphs (with 0, 1, 2 . . . loops) employing this vertex
starts as
−iT (pa,b, qi,j) = u(|qj |)
(
−ig(/qi + /qj)
)
u(|qi|)
−iu(|qj |)g
∫
d4l
(2pi)4
(/qj +
/l) i(/p− /l +M)(u(|l |))2 (/l + /qi)
((p− l)2 −M2)(l2 −m2) gu(|qi|) + . . .
It is possible to resum this infinite series in a closed form [24] (see also [25, 26,
27, 28, 29]). Setting the external momenta pa,b, qi,j on shell, the result is
Ton(pa,b, qi,j) = u(q¯)
[W−1(/p)− G(/p, β)]−1 u(q¯) , (14)
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where
W(/p) = [1+ gIM (β)]−1 W0(/p) [1+ IM (β)g]−1 , (15)
W0(/p) = (/p−M)g + g(/p−M) + gIM (β)(/p−M)g , (16)
G(/p, β) =
∫
d4l
(2pi)4
i(u(|l |))2(/p− /l +M)
((p− l)2 −M2)(l2 −m2) , (17)
IM (β) =
∫
d4l
(2pi)4
i(u(|l |))2
(l2 −m2) . (18)
Explicit expressions for the loop functions G(/p, β) and IM (β) can be found in
Appendix A. It is a standard procedure to compute the partial wave amplitudes
of angular momentum J = ` ± 12 from an invariant amplitude of the form
T (1)(s, z)/p+ T (0)(s, z), z = cos θcm [21]. We get
−16pi√sf`±(s) =
√
EB +M
(√
sT (1)` (s) + T (0)` (s)
)√
EB +M
+
√
EB −M
(√
sT (1)`±1(s)− T (0)`±1(s)
)√
EB −M , (19)
where we used
T (0,1)` (s) =
∫ 1
−1
dz P`(z)T (0,1)(s, z) , EB = (s+M2 −m2)/(2
√
s) .
The minus sign on the l.h.s. of Eq. (19) stems from our phase convention for
T . For T from Eq. (14), the angular integration is trivial, and we arrive at
− 8pi√sf0+(s) =
√
EB +Mu(q¯)
[W−1(√s)− G(√s, β)]−1 u(q¯)√EB +M .
(20)
Essentially, the Dirac structure matrix /p is just replaced by
√
s when we go from
Ton(pa,b, qi,j) to the partial wave amplitude f0+. The expression for f0+ can be
cast in a form which is directly comparable to Eqs. (1), (10):
fBC0+ (
√
s) = −4pi2√µ TBCon (
√
s)
√
µ , (21)
TBCon (
√
s) = u(q¯)
[
W˜−1BC(
√
s)−GrelAA(
√
s)
]−1
u(q¯) . (22)
Here, within the relativistic BC approach, the effective potential and Green
function integral read
W˜BC(
√
s) =
√
EB +M
µ
W(√s)
4(2pi)3
√
s
[
1+ (IB(β)− IM (β))W(
√
s)
2
√
s
]−1√
EB +M
µ
,
GrelAA(
√
s) = 4(2pi)3µ
√
s IMB(s, β) . (23)
Again, we refer to Appendix A for the algebraic forms of the relativistic loop
integrals IMB , IM , IB . Matching of the BC amplitude to the one generated by
the JR approach, Eq. (1), at tree level shows that we must have
gij = − cij
4FiFj
, (24)
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where the coupling matrix cij stems from the λij factors introduced in [1].
Eq. (24) represents a correct result as derived from the chiral Lagrangian. Specif-
ically, we have cI=0
K¯N,K¯N
= 3.
The BC amplitude constructed in this section has the advantage that the
scattering lengths derived from it are indeed of O(m). Explicitly, with two open
meson-baryon channels, we find for the isoscalar K¯N scattering length
aK¯N,I=00+,BC =
3mKb
K¯N,I=0
0+ (m)
8piF 2K
(
1 + mKMN
) , bK¯N,I=00+ (m) = bK¯N,I=00+ (0) +O(m) , (25)
bK¯N,I=00+ (0) =
1− 18 I˜(0)M (βpiΣ)
(
29
2 −7I˜(0)M (βpiΣ)
)
− 38 I˜(0)M (βK¯N )
(
1− 78 I˜(0)M (βpiΣ)
)2
[
1− I˜(0)M (βpiΣ)
(
1− 2132 I˜(0)M (βK¯N )
)
− 34 I˜(0)M (βK¯N )
]2 ,
where we introduced the dimensionless quantity I˜
(0)
M (βj) = I
(m=0)
M (βj)/F
2
0 with
the tadpole integrals IM (βj) and the meson decay constant F0 both evaluated
in the three-flavor chiral limit. The coefficient bK¯N,I=00+ (m) is of O(1) in the
meson-mass expansion, and so the scattering length obviously vanishes in the
chiral limit, in line with the strictures imposed by chiral symmetry. It may
also be seen from Eq. (25) that the tree-level result of ChPT (see footnote 1)
is recovered when the tadpole corrections are dropped. This is in contrast with
the JR approach where the I1 term present in Eqs. (11) and (13) generates a
zeroth-order term in the scattering lengths, stemming from the integral GBB
in Eq. (7). Indeed, the main problem of the cutoff regularization approach is
most directly seen in Eqs. (5)-(7). There, the γ(q) factors in the integrands
of GAB and GBB , which are formally small, do not lead to a suppression of
those integrals with respect to GAA. This is due to polynomial terms contain-
ing powers of the cutoff parameter β, which constitutes an additional mass scale
that does not vanish in the chiral limit. While the BC approach improves the
situation, as its effective potential W˜BC is softer (proportional to
√
s−M) than
the one of Eq. (11), an expansion of the threshold amplitudes in m still does
not exactly reproduce the O(m) results of ChPT, since the tadpole integral IM
is non-vanishing in the chiral limit. Had one used dimensional regularization,
the mesonic tadpole integrals would be ∼ m2 logm, and the corresponding ef-
fective potential would be even softer. It is well known [9] that such power
counting problems generally appear when one introduces additional mass scales
(like baryon masses or cutoffs) in the low-energy effective theory.
The difference between the JR and BC approaches is demonstrated in Fig. 1,
where the pertinent isoscalar K¯N effective potential kernels W˜ are plotted in
comparison with the classical Weinberg-Tomozawa (WT) kernel (tadpole inte-
grals I0 and I1 set to zero). Apparently, the BC kernel is reasonably close to
the WT one while the JR model is significantly off in the whole energy interval
relevant for the piΣ − K¯N physics. In conclusion, the unfortunate combina-
tion of the off-shell extrapolation, the chosen regularization scheme and non-
relativistic approximations employed in [1] leads to a strong departure from
7
the leading chiral-symmetric kernel, forcing the second pole to move far away
from the threshold region. The latter point may become more clear in the next
section.
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Figure 1: K¯N(I = 0) effective kernels over the c.m. energy for the parameters of the model
published in [1]. Black dotted - pure Weinberg-Tomozawa potential, black dashed - the W˜JR
kernel, blue continuous - the W˜BC kernel.
4. Results and discussion
The parameters of the chirally motivated approaches are standardly fixed in
fits to the available low energy K−p experimental data that comprise the total
cross sections [30, 31, 32, 33, 34, 35], the threshold branching ratios γ, Rc and
Rn [36, 37] and the 1s level energy shift and absorption width due to the strong
interaction in kaonic hydrogen [38]. In Ref. [1] these observables were calculated
treating the isoscalar and isovector sectors separately, adopting different inverse
ranges βMB(I = 0) 6= βMB(I = 1), though with physical masses used in the
K¯N channels to ensure their correct threshold positions. As the latter isospin
breaking leads to mixing of the I = 0 and I = 1 channels and the parameter
space seems too large we adopt a more common approach and perform our
calculations with proper physical particle masses and channels (comprising the
piΛ, piΣ and K¯N ones), and assuming βMB(I = 0) = βMB(I = 1) as well. In
addition, we constrain the fitted meson decay constants by fixing their mutual
ratio adopting either FK = Fpi or FK = 1.193Fpi, the second ratio complying
with the PDG [39] as well as lattice results [40] reviews. This leaves us with
just 4 fitted parameters (Fpi and three β’s) while 7 parameters were used in [1].
The results of our fits are shown in Table 1 in comparison with the original
JR model [1] and a version of the CS model [5] restricted to the leading order
WT interaction with only two fitted parameters, assuming FK = Fpi and a
common value βj = β0. As a different dataset and fitting approach was used in
[5] the χ2/dof taken from this earlier publication cannot be compared directly
with the χ2/dof obtained for our current models. We also note that no χ2/dof
was provided in [1] but the same author presented χ2/dof in more extendend
fits performed later in [20].
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Table 1: The fitted meson decay constants and inverse ranges, both in MeV, obtained in fits
of low energy K−p data. Our results for models JRn and BCn are shown in comparison with
earlier results provided by the CS and JR models. The label n defines a fixed ratio of the
meson decay constants, FK/Fpi = 1.193
n−1.
I = 0 sector I = 1 sector
model Fpi FK βpiΣ βK¯N βpiΛ βpiΣ βK¯N χ
2/dof
CS [5] 112.8 112.8 701.5 701.5 701.5 701.5 701.5 3.6
JR [1] 73.2 98.3 451.8 830.2 352.4 471.2 934.6 —
JR1 116.3 116.3 553.2 860.6 656.3 553.2 860.6 2.62
JR2 95.6 114.0 493.6 870.3 536.2 493.6 870.3 2.78
BC1 105.9 105.9 876.7 1065.0 773.8 876.7 1065.0 2.39
BC2 89.4 106.6 762.2 1125.8 637.8 762.2 1125.8 2.93
The parameter values obtained in our fits are reasonable, in particular the
meson decay constants of both BC models and of the JR2 one are in agreement
with predictions of other analyses [40], [41]. In Table 2 we demonstrate how the
considered models reproduce the K−p threshold observables. In general, our
models tend to provide a bit too large values for the neutral channels branching
ratio Rn and for the kaonic hydrogen absorption width Γ1s. With regards to
the latter we find it appropriate to mention that in our fits (and in the χ2/dof
reported in Table 1) we put more weight on the new kaonic hydrogen data and
used smaller standard deviations of 20 and 50 eV for the energy shift ∆E1s and
the width Γ1s, respectively, instead of the combined statistical and systematical
errors reported in [38] and shown in Table 2. In spite of this effort we were not
able to bring completely the calculated Γ1s value within the experimental con-
straints. However, it is a fact that the description of the threshold observables
(including the kaonic hydrogen ones) can be improved by accounting for the
NLO contact terms in the chiral Lagrangian [4]. These terms were completely
disregarded in [1], as well as in the JRn and BCn models introduced in the
present work. On the other hand, the kaonic hydrogen characteristics predicted
by the standard (utilizing on-shell factorisation) CS model [5] are within the
error bars despite the model is also restricted to the WT interaction kernel and
its parameter space is quite narrow, just two parameters adjusted to the data.
The calculated cross sections are shown in Fig. 2 as functions of the initial
kaon momenta in the lab system. The upper limit of pLAB <∼ 250 MeV is chosen
to guarantee that we can safely neglect any p-wave contributions. Apparently,
the models have no problem to reproduce the rather old bubble chamber data
taken from Refs. [30, 31, 32, 33, 34, 35]. In fact, the JR1 and BC1 model
predictions are hard to distinguish in Fig. 2, the only exceptions being the
K−p → K¯0n and pi−Σ+ cross sections. We also checked that the JR2 and
BC2 models provide results completely akin to those provided by the models
with FK = Fpi. In general, both the results presented in Table 2 and Fig. 2
demonstrate that the experimental data are about equally well reproduced by
9
Table 2: Model predictions for the K−p threshold branching ratios γ, Rc, Rn [36], [37], and
for the strong interaction energy shift ∆E1s and absorption width Γ1s (both in eV) of the 1s
level in kaonic hydrogen [38].
γ Rc Rn ∆E1s Γ1s
CS 2.36 0.636 0.183 329 643
JR 2.35 0.687 0.203 384 462
JR1 2.36 0.647 0.214 261 717
JR2 2.36 0.649 0.226 279 709
BC1 2.35 0.638 0.215 285 666
BC2 2.35 0.642 0.223 294 669
exp 2.36(4) 0.664(11) 0.189(15) 283(42) 541(111)
all considered models.
Further, in Table 3 we present the positions of the isoscalar and isovector
poles generated by the models on the second Riemann sheet connected with the
physical region by crossing the real axis in between the piΣ and K¯N thresholds.
The JR models provide only one isoscalar pole which appears to be their com-
mon feature. In Ref. [1] the one-pole structure is attributed to the fact that one
does not resort to on-shell factorisation when dealing with the loop function and
the integration is performed over the whole domain of the intermediate meson-
baryon off-shell momenta. However, our BC models generate two poles in the
I = 0 sector demonstrating that the missing pole is back when one improves the
JR approach by keeping the relativistic form of the effective potential (propor-
tional to
√
s−M). This result confirms the observation already stated in [29]:
”The scattering T-matrix without on-shell factorization has two poles in the
complex center-of-mass energy plane as with on-shell factorization ...”. In fact,
the two isoscalar poles also persisted in an earlier work on K¯N interactions [42]
that treated the chiral expansion without resorting to on-shell factorisation of
the loop function. Of course, the z2 pole position is very different from where
one finds it when the on-shell factorisation is employed, as e.g. in the CS model
[5]. While the LO+NLO approach presented in [42] has the z2 pole shifted to
higher energies, the pole is located much farther from the real axis in [29] and the
BC models have it close to the piΣ threshold, either very close to the real axis or
even on it (and below the piΣ threshold). The position of the pole, to which the
piΣ channel couples strongly, is apparently not sufficiently restricted by available
experimental data. Thus its varied location within different approaches is not of
big concern here. Just for completeness, in Table 3 we also report an isovector
z3 pole found for all considered models at very varied locations, too far to affect
physical observables at energies close to the K¯N threshold.
We also checked the sensitivity of the z2 pole position to the βpiΣ value.
This parameter is expected to have a significant impact on the appearance and
location of the z2 pole as the piΣ channel coupling to the pole is large [16]. For
the BC1 model, when the βpiΣ parameter is reduced by 10%, the pole shifts to
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Figure 2: Model predictions for the total cross sections for the K−p→MB reactions. Black
dotted - CS model, red dot-dashed - JR1 model, blue continuous - BC1 model.
(1326.6, -39.8) MeV, moving rather quickly away from the real axis. When the
βpiΣ value is increased by 10%, the pole moves to the real axis, to the (1274.9,
0.0) MeV position. Such large variations confirm a strong sensitivity of the z2
pole position to a particular setting of the BC model and indicate a possible
model dependence in general.
To complete our discussion of the model predictions we look at the energy
dependence of the elastic K−p amplitudes generated by the considered models
and shown in Fig. 3. There, we have opted for not presenting our models with
the FK = 1.193Fpi setting as their inclusion would only make the figure more
cluttered. It is remarkable that our JR1 and BC1 models provide practically the
same K−p amplitudes for energies
√
s >∼ 1.4 GeV. From about 1.42 GeV (1.43
GeV) these models are also in nice agreement with the CS model predictions for
the real (imaginary) part of the amplitude. This is in accord with observations
made in [16] that the experimental data provide sufficient restrictions to deter-
mine the K−p amplitude around and above the channel threshold irrespective
of the adopted theoretical approach. We note that the real part of the K−p am-
plitude generated by the original JR model differs even at these energies, most
likely due to the different approach to the isospin breaking adopted in [1]. The
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Table 3: Pole positions (in MeV) on the [-,+] and [-,-,+] Riemann sheets for the I = 0 and
I = 1 sectors, respectively.
model z1 (I = 0) z2 (I = 0) z3 (I = 1)
CS (1432.8, -24.9) (1370.8, -54.2) (1408.9,-199.7)
JR (1422.9, -25.7) — (1106.5, -71.6)
JR1 (1442.8, -23.3) — (1141.1, -80.5)
JR2 (1441.0, -22.5) — (1266.4, 0.0)
BC1 (1439.9, -23.3) (1316.0, -6.76) (1361.1, -166.9)
BC2 (1437.8, -20.9) (1251.1, 0.0) (1337.4, -117.3)
differences between various models increase as one goes further below the K−p
threshold into the sector not restricted by experimental data. We do not show
the amplitudes below 1.35 GeV in Fig. 3 as the poles emerging close to (and
below) the piΣ threshold have huge impact on the amplitudes generated by some
models. In particular, we have noted that the JR, JR1 and BC2 models also
suffer from emergence of unphysical poles at various Riemann sheets (including
the physical one) for energies below the piΣ threshold. As these energies are
too far below the K−p threshold, the emergence of such spurious states have
no impact on physical observables used in our dataset. At the same time, it
is difficult to eliminate solutions with very distant poles (i.e. too far from any
experimental data points) from the χ2 fits. Though, it is worth noting that
the more established CS model, that utilises the on-shell factorisation, behaves
quite regularly even at energies below the piΣ threshold.
1.36 1.38 1.40 1.42 1.44 1.46 1.48 1.50
-1.0
-0.5
0.0
0.5
1.0
1.5
2.0
c.m. energy @GeVD
R
e
fHK
-
p®
K
-
pL
@fm
D
1.36 1.38 1.40 1.42 1.44 1.46 1.48 1.50
0.0
0.5
1.0
1.5
2.0
2.5
c.m. energy @GeVD
Im
fHK
-
p®
K
-
pL
@fm
D
Figure 3: Model predictions for the elasticK−p amplitude. The real (left panel) and imaginary
(right panel) parts of the amplitude generated by our models BC1 (blue continuous line), and
JR1 (red dot-dashed line) are shown in comparison with the CS model [5] and JR model [1]
predictions visualized by the black dotted and dashed lines, respectively.
5. Conclusions
It is always good to scrutinize ad hoc procedures like the on-shell factori-
sation, and to question conclusions based on their use. In this respect, the
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study of Ref. [1] is well justified. However, as we point out here, some care has
to be taken in the construction of the chiral-unitarized model amplitudes, in
order not to violate basic constraints from the chiral symmetry of QCD. This
symmetry is an important guiding principle of low-energy hadron physics, and
yields the motivation to employ kernels derived from chiral-symmetric effective
Lagrangians in the model amplitudes. As we have shown, the JR approach of
[1] features an effective interaction which deviates strongly from the one derived
from the leading chiral Lagrangian, and produces scattering lengths which are
not suppressed by powers of the meson masses over the hadronic scale ∼ 1 GeV.
This happens just due to the inclusion of off-shell effects, which were meant to
improve the theoretical description. We have provided a way out of this dilemma
by explicitly constructing a refined version of the approach, employing relativis-
tic propagators and Feynman rules directly corresponding to the leading chiral
Lagrangian, while also avoiding the on-shell truncation. The effective kernel of
this new version is much closer to the leading chiral interaction (see Fig. 1),
and leaves us with scattering lengths that vanish in the three-flavor chiral limit.
Performing simple fits to experimental data with both versions of the model, we
have demonstrated that the chirally improved version yields two I = 0 poles lo-
cated on the second Riemann sheet in the energy region of the coupled piΣ, K¯N
scattering processes, whereas in the non-relativistic model of [1], only one pole
is found in the relevant region of the complex-energy surface. While we have
used here only the leading term in the chiral expansion of the kernel (Weinberg-
Tomozawa interaction) to make a fair comparison with Ref. [1], we believe that
the description can be further improved by the inclusion of higher-order inter-
action kernels, and that the inherent model-dependence can be constrained in
a more extended analysis of additional experimental data, e.g. the two-meson
photoproduction data from CLAS [43]. Some work in this direction was already
done in [44, 45, 7].
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Appendix A. Explicit expressions for loop functions
The fundamental loop integrals are defined as follows,
IMB(s, β) =
∫
d4l
(2pi)4
i (u(|l |))2
((p− l)2 −M2)(l2 −m2)
∣∣∣∣
p=(
√
s,0)
, (A.1)
IM (β) =
∫
d4l
(2pi)4
i (u(|l |))2
(l2 −m2) , (A.2)
IB(β) =
∫
d4l
(2pi)4
i (u(|l |))2
(l2 −M2) . (A.3)
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Explicitly, we get
IMB(s, β)=
(u(q¯))2
16pi2
√
s
[
EBhB(q¯, β)+EMhM (q¯, β)−4q¯Artanh
(
2
√
s q¯
(M +m)2 − s
)]
,
(A.4)
where the baryon and meson c.m. energies are
EB = (s+M
2 −m2)/(2√s) , EM = (s−M2 +m2)/(2
√
s) ,
and the functions appearing in Eq. (A.4) read as
hB(q¯, β) =
h
(0)
B (q¯, β)
24β4(β2 −M2)3 +
h
(1)
B (q¯, β)
8β5(β2 −M2) 72 Artanh
(√
β2 −M2
β
)
, (A.5)
h
(0)
B (q¯, β) = β
6(44β4 − 44β2M2 + 15M4)
+ 3β4(24β4 − 10β2M2 +M4)q¯2 + 3β2(12β4 + 8β2M2 − 5M4)q¯4
+ (8β4 + 10β2M2 − 3M4)q¯6 , (A.6)
h
(1)
B (q¯, β) = β
6(−16β6 + 24β4M2 − 18β2M4 + 5M6)
− 3β4M2(16β4 − 16β2M2 + 5M4)q¯2 − β2M2(32β4 − 22β2M2 + 5M4)q¯4
− M2(8β4 − 4β2M2 +M4)q¯6 , (A.7)
hM (q¯, β) =
h
(0)
M (q¯, β)
24β4(β2 −m2)3 +
h
(1)
M (q¯, β)
8β5(β2 −m2) 72 Artanh
(√
β2 −m2
β
)
, (A.8)
h
(0)
M (q¯, β) = β
6(44β4 − 44β2m2 + 15m4)
+ 3β4(24β4 − 10β2m2 +m4)q¯2 + 3β2(12β4 + 8β2m2 − 5m4)q¯4
+ (8β4 + 10β2m2 − 3m4)q¯6 , (A.9)
h
(1)
M (q¯, β) = β
6(−16β6 + 24β4m2 − 18β2m4 + 5m6)
− 3β4m2(16β4 − 16β2m2 + 5m4)q¯2 − β2m2(32β4 − 22β2m2 + 5m4)q¯4
− m2(8β4 − 4β2m2 +m4)q¯6 , (A.10)
IM (β) =
β4(8β4 + 10β2m2 − 3m4)
192pi2(β2 −m2)3
− 3β
3(8β4m2 − 4β2m4 +m6)
192pi2(β2 −m2) 72 Arcosh
(
β
m
)
. (A.11)
Obviously, the explicit expression for the IB integral can be obtained from IM
by replacing m by M . Finally, in terms of these basic scalar loop functions, the
Green function integral G(/p, β) is expressed as
G(/p, β) = /
p
2s
(
2
√
sEBIMB(s, β) + IM (β)− IB(β)
)
+MIMB(s, β) . (A.12)
We also remind the reader that we are working in the c.m. frame, where /p =√
sγ0.
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